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ABSTRACT 
We study a certain class of piecewise linear functions from Iw” to Iw”, namely 
Robinson’s normal maps induced by linear mappings and polyhedral convex sets, 
called pl-norm& maps. Robinson’s homeomorphism theorem characterizes the pl- 
normal maps which are homeomorphisms as those which have nonzero determinants 
of the same sign on all pieces of linearity. This paper presents a new shorter proof of 
the result. H-normal systems include many optimization and equilibrium problems. 
They arise from variational inequalities, or equivalently generalized equations, speci- 
fied by linear maps and polyhedral convex sets. Unique, continuous solvability of these 
systems, which is important in theory and computation, is captured by the homeomor- 
phism result. 
1. INTRODUCTION 
We study a certain class of piecewise linear functions from [w” to [w”, 
namely Robinson’s [19] normal maps induced by linear mappings and polyhe- 
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dral convex sets. Throughout the paper we will assume that A is a given real 
n X n matrix, and C is a nonempty polyhedral convex set in Euclidean 
n-dimensional space, Iw”. The Euclidean projection mapping which sends a 
point of [w” to its nearest point in C is denoted 7~~. 
DEFINITION 1. The normal map induced by ( A, C) is the mapping from 
[w” to [w” given by 
AcdsfA~c + 1 - rc, 
where Z is the n X n identity matrix. Such normal maps are called pl-normal 
maps. 
Proposition 4.1 shows that pl-normal maps are indeed piecewise linear. 
Robinson’s homeomorphism theorem says that a pl-normal map is a homeo- 
morphism iff its determinants on its pieces of linearity all have the same, 
nonzero sign. We will formalize this in Definition 2 and Theorem 3. Here we 
provide a new, shorter, and hopefully simpler proof of this result. 
This paper is essentially [Id, Chapter 41 from the author’s doctoral thesis. 
P&normal systems are important in many optimization and equilibrium 
problems. They arise directly from variational inequalities, or equivalently 
generalized equations, specified by linear maps and polyhedral convex sets; 
and indirectly as approximations to such systems specified by smooth nonlin- 
ear functions over polyhedral convex sets. Perhaps the best known of these is 
the linear complementarity problem [II], in which the function is a linear 
map and the set is the nonnegative orthant R;. Josephy [8], Harker and Xiao 
[7], and Ralph [15] 1 so ve sequences of linear complementarity problems in 
Newton-like methods for nonlinear complementarity problems. It is impor- 
tant for convergence that the pl-normal maps corresponding to these linear 
complementarity problems are homeomorphic near the current iterate 
(though [8] is in terms of generalized equations rather than normal maps). 
We mention some related work. The question of necessary and sufficient 
conditions for piecewise linear maps to be homeomorphic was answered for 
the linear complementarity problem by Samelson, Thrall, and Wesler [20], 
and later by Murty [ll]. Other work on the general question includes 
Fujisawa and Kuh [5], Rheinboldt and Vandergraft [17], Kojima and Saigal 
[9], Schramm [21], Kuhn and Lijwen [lo], and Eaves and Rothblum [6]. We 
will find [lo] particularly useful. Reference [6] is also to be recommended for 
its comprehensive approach. 
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The rest of this section is mainly used for notation and basic results. Later 
sections are: 
2. Results on Piecewise Linear Homeomorphism Results 
3. When C = K, a Convex Cone 
4. The Proof of the Theorem 
As mentioned above, questions about solvability of A,(x) = y can be 
cast in terms of variational inequalities or generalized equations: let y E Iw”; 
then 
3X E Iw”, Y = A,(x) 
_XEC, Vc E C, 0 < (c - C, AZ - y) 
w Eli? E c, y E A2 + N,(C), 
where the normal cone N,(Z) is defined below. A stronger statement, 
relating the local homeomorphism property of a normal map to locally 
unique, continuous solvability of the corresponding generalized equation, is 
given in [15, Lemma 51. 
The linear complementarity problem, given the vector y, is to satisfy 
EEL?;, AE - y E R” +, (Z, AE - y) = 0, 
where ( * , * > is the Euclidean inner product. It is trivial to show that this has 
a solution if and only if the pl-normal equation 
Ax++x-x+=y 
def 
is solvable, where x+ = +rrn.(x). 
For clarity we specify the’ following terminology. 
DEFINITION 2. Let F : Iw” + Iw”. 
(1) A set in Iw” is called polyhedrul convex if it is the intersection of 
finitely many closed half spaces. An n-cell is a polyhedral convex set with 
nonempty interior. 
(2) F is piecewise linear if there are finitely many n-cells {CJ covering 
Iw” such that for each i there exists Ai E Rnx n, bi E R” satisfying 
VY E ci, F(y) =Aiy+bi. 
(3) Suppose F is piecewise linear, and the matrices Ai are as above. The 
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determinants of F are the determinants of the matrices A,. F is coherently 
oriented if its determinants all have the same (nonzero) sign. 
(4) F is a Lipschitzian homeomorphism if it is Lipschitz, bijective and 
both it and its inverse F-l are continuous mappings. F is a Lipschitzian 
homeomorphism from X c IR" to Y c 58" if F(X) c Y, the restricted map- 
ping Flk : X + Y : x * F(x) is Lipschitz bijective, and both F k and its 
inverse FL’ are continuous mappings. 
Suppose F : R” + R” is piecewise linear. Since F is continuous on each 
of finitely many sets covering its domain, each of which is closed, it is easy to 
see that F must be continuous everywhere. Also, for any choice of n-cells 
{Ci), as above, the corresponding set of mappings {Ai) is always the set of 
derivatives of F at all points of differentiability in [w”; in particular, the 
determinants of F are well defined. Finally, we note that an n-cell of a 
piecewise linear map is also called a piece of linearity, or a chamber [lo], of 
the map. 
We can now state Robinson’s characterization theorem. 
THEOREM 3 [19, Theorem 4.31. The piecewise linear mapping A, is a 
Lipschitzian homeonwrphism ijjf A, is coherently oriented. 
The result will be demonstrated in Section 4. Kuhn and Lowen [lo, 
Theorem 5.31 give a similar result for another class of piecewise linear 
mappings, namely those with branching number less than or equal to 4. 
Suppose F is a piecewise linear mapping with n-cells such that any two 
n-cells intersect in a mutual face, if they intersect at all. The branching 
number of F with respect to these n-cells is the least natural number b such 
that every face of an n-cell which has codimension two is contained in at 
most b n-cells. The relationship between this class of mappings and the class 
of pl-normal maps is under investigation. 
Note added in proof: The author has shown that A, has branching 
number less than or equal to 4 with respect to the n-cells of Nc (c.f. 
Proposition 4.2). See: On Branching Numbers of Normal Manifolds, Techni- 
cal Report TR 91-1255, Dept. of Computer Science, Ithaca, N.Y., 1991. 
Further notation: 
(1) Let 0 # K c IF!". K is a cone if (YK c K for each Q > 0. The polar 
cone of K is 
We say K is pointed if K f’ - K = {O}. 
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(2) The normal cone to C at C E C is 
N&)d~f{x E Wl( x,c-E) dOVCEC}, 
and the tangent cone to C at C is T,(C) dzf N,(C)“. 
(3) A j&e of C is a set 0 # F C C such that for x1, xg E C and 
0 < t < 1, if tx, + (1 - t)x, belongs to F then xl, x2 belong to F. 
(4) flc is the family of sets F + NF, where F is a face of C and NF is the 
set N,(f) for any relative interior point f of F (see Proposition 4.1 below). 
(5) The critical cone to C at x E Iw” is 
c,~fT&Tc(*,) n [x - 7r&>]’ , 
where [x - 7rc(x>]’ is the set of vectors d E [w” with (x - 7rc(x), d) = 0. 
The results below give a lot of insight into the structure of pl-normal 
maps. 
PROPOSITION 4 [19, Propositions 2.1, 2.2, 2.31. 
1. For each face F of C, and each point f in the relative interior of F, 
the normal cone to C at f is the same (nonempty) set. Denote this by NF. 
2. Hc consists of finitely many n-cells whose union covers R”. On each 
such n-cell F + NF where F is face of C, A, acts as an affine mapping, 
Ac(f +f*> =Af +f* VfEF,f”ENF. 
Part 1 of the proposition is also given by Burke and More’ [3, Theorem 2.31. 
LEMMA 5. For each x E R” there exists a neighborhood U of 0 E R” 
such that 
4(x + u) =4(r) +A&4 vu E u. 
Proof. As shown by Robinson 118, Corollary 4.51, there is a neighbor- 
hood U of 0 such that 
for each u in U. The result is obtained by substituting the expression on the 
right into the definition of A,. n 
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This result, when C is given as 
{x E WISx a b, TX = d} 
for some m X n matrix S, b E R”, 1 X n matrix T, and d E R1, is shown in 
terms of S and T by Pang [13, Lemma 51. 
From Lemma 5 we see that A, is one-to-one near x iff Acz is 
one-to-one (near 0); and further that the determinants of A,= are given by 
the determinants of A, near x. 
2. RESULTS ON PIECEWISE LINEAR HOMEOMORPHISMS 
We review some standard definitions. 
DEFINITION 6. 
1. A topological space Y is simply connected if it is path-connected and 
any continuous paths p : [0, l] -+ Y, q : [0, l] + Y with the same end points 
are homotopic, i.e., there exists a continuous mapping H : [0, 11 X [O, 11 -+ Y 
such that H(0, * ) = p and H(1, - ) = 9. 
2. Let F : X + Y whereAX, Y are topological 2paces. Let r^ C Y. Then 
F is proper with respect to Y if for any set C c Y which is compact in Y, 
def 
F-l(C) = (x E XIF(x) E C} is compact in X. 
It is well known [l] that Iw” \ 10) is simply connected for n > 3. 
Our first result lays the foundation for this paper. Its proof is built almost 
entirely from Kuhn and Liiwen [lo], which gives a nice introduction to 
covering maps [lo, $41 ( see part 3 of the proof below). Recall that a map 
F : U --f Y, where U and Y are sets in Iw”, is positive homogeneous if for 
(Y > 0 and u E U, cru E U implies F(au) = aF(u). 
THEOREM 7. Let F : R” -+ 08” be a piecewise linear mapping, and 
Y c R” be an open, simply connected set such that Xdzf F-l(Y > is con- 
nected. Then F is a homeomorphism from X onto Y i# F is locally one-to-one 
on X. 
Proof. Clearly, if F maps X homeomorphically to Y, then it is locally 
one-to-one on X. We set the converse out in stages. 
1. Invariance of domain. Let x0 E X. Now X is open because Y is 
open and F is continuous. By piecewise linearity of F, in a small enough 
neighborhood U of 0, x0 + U c X and the mapping F(x, + u> - F(x,) for 
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u E II is positive homogeneous and one-to-one. This mapping on U has a 
(unique) piecewise linear extension F,, : Iw ” -+ Y which is positive homoge- 
neous and one-to-one. Now apply [lo, Lemma 2.21 and [lo, Theorem 5.11 in 
succession to see that F, is actually an open mapping, hence that F is a 
homeomorphism from x0 + U to a neighborhood of F(x,). 
2. F is proper with respect to Y. Let C be compact set in Y; then C is 
closed and bounded. So F-‘(C) is closed by continuity of F. Also, F is 
piecewise linear and locally one-to-one; therefore its domain can be decom- 
posed into finitely many sets on each of which F is one-to-one and affne. It 
is easy to see that for such a map F-‘(C) is bounded, so F-‘(C) is compact, 
as needed. 
3. Fly : X + Y is a covering by [lo, $4.21, originally Browder [2]. That 
is, every point y E Y has an open neighborhood V such that FL1 (V) is the 
disjoint union of open sets IJ L1 E A U, , where F 1, : U, -+ V is a homeomor- 
phism for each CY E A. 
4. F is a homeomorphism from X onto Y. Note that Y, an open set in 
Iw”, is locally path-connected. We now use the well-known result [l] that 
every covering of a locally path-connected and simply connected space is a 
homeomorphism. n 
The above theorem can also be derived from more general results; for 
instance, it is a corollary of the next theorem. 
THEOREM 8. 
1. Let F : X + Y, where X, Y are Hausdorff topological spaces. Let r^ be 
an open set in Y that is locally path-connected and simply connected, and 
define x^kf F-‘(2). Th en F is a homeomorphism of each path-connected 
component ,of X onto r^ if F is a local homeomorphism on X and is proper with 
respect to Y. 
2. Invariance of domain. Let F : X + Y be a continuous mapping, 
where X and Y are open sets in R”. Then F is a local homeomorphism iff F is 
locally one-to-one. 
Proof. 1: We only need show that F restricted to X has the con$nua- 
tion property of Rheinboldt [16] ( see below) fo, continuous paths in Y. For 
suppose this holds. We already know that r(X) is open in YL hence ic r^, 
because F is a local homeomorphism on ,X, wkre the set X = F-‘(Y) is 
open by continuity of F and openness of 7. As Y is also path-connected, we 
deduce from [16, Theorem 2.111 that F(X) = r^. The result is then given by 
[16, Theorem 3.21 applied to the mapping of F from x” to 2. 
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For the continuat!on property, let p : [0, l] --$ Y^ be continuous, 0 < t* < 
1, and 9 : [0, t*) + X be a continuous path such that 
F(9W) = PW Vt E [o, t,). 
We m:st show there is a sequence (t,)? t* such that 9(tn) has a limit point 
9* E X with F(q*) = p(t,l. 
Since p([O, t*l) is compact, the sub;et 9([0, t*)) of F-‘(p([O, t*]>) has 
compact closure in F -‘(p([O, t*]>) C X. Thug for some sequence (t,> C 
[O, t*), t, t t*, there exists a limit point 9* E X of q(tn). By continuity of F 
and p we must have F(q*) = p(t,>, as required. 
2: Dold 14, Chapter IV.81. n 
Rheinboldt [16] p rovides self-contained and even elementary arguments 
relating to part 1 of Theorem 8. We also mention earlier work of Palais [12, 
$41 characterizing the locally homeomorphic maps which are coverings or 
even global homeomorphisms. Part 2, a variant of the classical invariance-of- 
domain theorem, is, however, much deeper and more difficult. 
COROLLARY 9. Let F:R” + R” be a piecewise linear mapping. Then F 
is a Lipschitzian homeorrwrphism i$’ F is locally one-to-one. 
Proof. Take Y = Iw” in Theorem 7 to see that F is homeomorphic; so 
both F and F-’ are piecewise linear maps from Iw” to Iw”. It is now easy to 
see that F is a Lipschitzian homeomorphism. n 
COROLLARY 10. Let n 2 3, and F : R” + R” be a positive homogeneous 
piecewise linear mapping. Then F is a Lipschitzian homeomorphism ijf it is 
locally one-to-one except perhaps at 0. 
Proof. Necessity of local injectivity is clear. For sufficiency suppose F is 
locally one-to-one except perhaps at 0. Note that F(O) = 0 because F is 
positive homogeneous and continuous. 
Since n 2 3, Ysf R” \ {O} is simply connected (and open). Let 
Xdzf F-‘(Y ), and note that X = Y. Otherwise, some nonzero point x of [w” 
is mapped to zero by F; h ence, by positive homogeneity of F, every 
neighborhood of x contains distinct points (e.g. on the line segment [0, xl) 
with the same (zero) function value-this contradicts the fact that F is locally 
one-to-one on [w” \ (0). Hence F is locally one-to-one on the connected set 
X. Theorem 7 assures us that F is a homeomorphism from [w” \ (0) onto 
R” \ 03. 
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In fact F is one-to-one on R”, since no distinct points of R” \ (0) have 
the same image under F, and the zero vector is the only point whose image is 
zero. Corollary 9 completes the proof. n 
3. WHEN C = K, A CONVEX CONE 
Throughout this section assume K is a nonempty polyhedral convex cone 
in R”. We will use Proposition 4 without reference, especially the facts that 
J+$ consists of n-cells covering R”, and A, is a piecewise linear mapping 
which is affine on each of the n-cells of xx. 
The eventual proof that A, is homeomorphic if it is coherently oriented 
will rely on an induction argument for n > 3, the hypothesis for which is 
Let 1 Q m < n - 1, B E R”” I”, and D be a nonempty polyhe- 
dral convex cone in R I”. If B, is coherently oriented, then B, is a (1) 
Lipschitzian homeomorphism. 
We need to start the induction process. 
LEMMA 11. Zf n is 1 or- 2 and A, is coherently oriented, then A, is a 
Lipschitzian homeomorphism. 
Proof. The case n = 1 is trivial. For n = 2 we appeal to the argument 
at the beginning of [lo, proof of Theorem 5.31 which shows that for a positive 
homogeneous piecewise linear map F : IQ2 * R2 which has no more than 
four affne pieces, F is a homeomorphism iff it is proper and coherently 
oriented. Of course, if F is coherently oriented, it is proper too (e.g., see 
proof of Theorem 71, so the requirement that F be proper is superfluous. 
Since for n = 2 the positive homogeneous map A, has no more than four 
affine pieces--& contains one n-cell if K is 0 or R”, two if K is a ray or a 
half space, and four otherwise-we are done. n 
PROPOSITION 12. Suppose (1) holds. Zf A, is coherently oriented and 
either K or K” is not pointed, then A, is one-to-one. 
Proof. Suppose that K is not pointed, so the dimension of Ldzf K n - 
K is at least 1 (observe, since K is a convex cone, that L is actually a 
subspace of Rn). The result is given by a straightforward, but nontrivial 
argument in the proof of [19, Theorem 4.31, where K replaces the set C used 
there, which we sketch. Here [19, Proposition 4.11 is used to factor out L, 
and then the induction hypothesis (1) to find that the reduced mapping (on a 
space of lower dimension) is one-to-one. From this it follows that A, is 
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one-to-one, as needed. 
Now suppose K” is not pointed, and recall that K + NK is_an n-cell of 
&. &t the restriction of A, to K + NK be represented by A E R”‘“. As 
det A # 0, we can define 
Pkf( A-qK.. 
Since 7TK = I - n-K0, we have 
P = Lhr,. + z - 7rK” = A-‘( I - 7rK) + 7rK 
= A-‘( &rK + Z - q) = i?A,, 
where the last equality follows because xrK = A7rK. As det A-’ # 0 and 
the determinants of A, all have the same sign, we see that the determinants 
of P all have the same sign. By the above, P must be one-to-one on R”; 
hence A, = AP is one-to-one also. n 
PROPOSITION 13. Zf A, is coherently oriented, then it is a Lipschitzian 
homeomorphism. 
Proof. The result is valid for dimension n = 1,2 by Lemma 11. Now 
suppose it is valid for all dimensions less than n > 3, i.e. (1) holds. We will 
show it holds for dimension n, whence by induction it holds for all finite 
dimensions. 
Suppose 0 # x E R”, and recall the critical cone to K at x, 
K,~fTK(7rK( x)) n [x - 7rK( x)] * . 
We will show that A,= is one-to-one; hence, by Lemma 5, A, is locally 
one-to-one at x. If r E K”, then rrK(x) z 0 and the (nontrivial) subspace 
spanned by rrK(x) is contained in K,. So K, is not pointed. By Proposition 
12, A,* is one-to-one; hence A, is one-to-one near x. On the other hand, if 
x E K” then [x - z-,(x)] = r # 0, so (K,)” contains the line spanned by x. 
Applying Proposition 12 again, we can see that A, is one-to-one near x. 
Therefore the only point at which A, is perhaps not locally one-to-one is 
0. Corollary 10 completes the proof. n 
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4. THE PROOF OF THE THEOREM 
We restate Theorem 3: 
THEOREM. The piecewise linear map A, is a Lipschitzian homeomor- 
phism iffit is coherently oriented. 
Proof. To start with, recall that A, is a piecewise linear mapping 
(Proposition 4.2). 
“If”: Suppose A, is coherently oriented. Given Corollary 9, it is suffi- 
cient to show that A, is locally one-to-one. So let x E [w”, and K be the 
critical cone to C at x. First, from Lemma 5, A, inherits coherent 
orientation from A,. Then, by Proposition 13, A, is one-to-one. Using 
Lemma 5 again says A, is one-to-one near x. 
“Only if”: Suppose A, is a Lipschitzian homeomorphism. It is not hard 
to show that A, is coherently oriented, a result that actually holds for general 
piecewise linear maps [lo, Lemma 2.21. n 
I would like to thank Professor Stephen M. Robinson for drawing my 
attention to recent work in this area, especially to the subject of this paper 
119, Theorem 4.31, and for the suggestions he has made to clarify the new 
proof presented here. 
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